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Motivation

A lattice is Dedekind complete if every non-void bounded subset have a
supremum and an infimum.

Theorem (Banaschewski and Hong, 2003)

Let L be a completely regular frame. Then, the following are equivalent:

C(L) is Dedekind complete;

L is extremally disconnected.

Definition (Dedekind completion)

A Dedekind completion a poset (P,≤) is a pair (C, ϕ) where

C is a Dedekind complete lattice;

ϕ : P → C is a join- and meet-dense order embedding.
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Motivation

A natural question arose:

Which is the Dedekind completion of C(L)?

J. Gutiérrez García, I. Mozo Carollo, J. Picado
On the Dedekind completion of function rings,
Forum Mathematicum 27 (2015), 2551-.2585

J. Gutiérrez García, I. Mozo Carollo, J. Picado
Normal semicontinuity and the Dedekind completion of pointfree function
rings
Algebra Universalis 75 (2016), 301–330
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Motivation

J. H. van der Walt
The universal completion of C(X ) and unbounded order convergence
Journal of Mathematical Analysis and Applications 460 (2018), 76–97

Theorem (van der Walt, 2018)

If X is completely regular, then NL(X ) is the universal completion of C(X ).

NL(X ) = the Riesz space of nearly finite normal lower semicontinuous
functions on X .

Which is the universal completion of C(L)?

I. Mozo Carollo
On the universal completion of pointfree function spaces,
Journal of Pure and Applied Algebra 225 (2021)
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Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



Motivation

Definitions

A Riesz space R is called:

laterally complete if each non-void set A ⊆ R+ = {f ∈ R | 0 ≤ f} of
disjoint elements (g ∧ h = 0 for each g 6= h ∈ A) has a supremum in R.

universally complete if it is both Dedekind complete and laterally
complete.

Definition (Universal completion)

The universal completion of a Riesz space R is a pair (U, µ) where

U is a universally complete Riesz space;

µ : R → U is a Riesz space embedding such that, for every f ∈ U+,

f =
∨
{µ(g) | g ∈ R, 0 ≤ µ(g) ≤ f}.

I. Mozo Carollo The universal completion of C(L)



The frame of real numbers

We will denote by Frm the category with objects frames and morphisms
frame homomorphisms.

Since Frm is an algebraic category, we can define frames by generators and
relations, as in an algebraic fashion.

The frame of reals

The frame of reals is the frame L(R) the frame generated by all ordered pairs
(p, q) of rationals, subject to the relations

(R1) (p, q) ∧ (r , s) = (p ∨ r , q ∧ s),

(R2) (p, q) ∨ (r , s) = (p, s) whenever p ≤ r < q ≤ s,

(R3) (p, q) =
∨
{(r , s) | p < r < s < q},

(R4)
∨
{(p, q) | p, q ∈ Q} = 1.
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Continuous real functions

Definition

A continuous real function on a frame L is a frame homomorphism
h : L(R)→ L:

C(L) = Frm(L (R) , L)

B. Banaschewski,
The real numbers in pointfree topology,
Textos Mat. Sér. B 12 Departamento de Matemática da Universidade de
Coimbra (1997).

I. Mozo Carollo The universal completion of C(L)



Continuous real functions

Definition

A continuous real function on a frame L is a frame homomorphism
h : L(R)→ L:

C(L) = Frm(L (R) , L)

B. Banaschewski,
The real numbers in pointfree topology,
Textos Mat. Sér. B 12 Departamento de Matemática da Universidade de
Coimbra (1997).

I. Mozo Carollo The universal completion of C(L)



Continuous real functions

Definition

A continuous real function on a frame L is a frame homomorphism
h : L(R)→ L:

C(L) = Frm(L (R) , L)

B. Banaschewski,
The real numbers in pointfree topology,
Textos Mat. Sér. B 12 Departamento de Matemática da Universidade de
Coimbra (1997).

I. Mozo Carollo The universal completion of C(L)



Continuous real functions

Definition

A continuous real function on a frame L is a frame homomorphism
h : L(R)→ L:

C(L) = Frm(L (R) , L)

B. Banaschewski,
The real numbers in pointfree topology,
Textos Mat. Sér. B 12 Departamento de Matemática da Universidade de
Coimbra (1997).

I. Mozo Carollo The universal completion of C(L)



Continuous real functions on Boolean frames

Proposition

For any Boolean frame L, C(L) is universally complete.

Proposition (Folklore?)

Let L and M be Boolean frames. If C(L) and C(M) are isomorphic, so are L
and M.
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The universal completion of C(L)

Definition (Booleanization of a frame L)

B(L) = {a ∈ L | a = a∗∗}

There is a frame homomorphism that maps each element to its double
pseudocomplement:

β : L→ B(L)

a 7→ a∗∗

Proposition

The map
Γ: C(L) →C(B(L))

f 7→β ◦ f

is a Riesz embedding.

Theorem

For a completely regular frame L, Γ: C(L)→ C(B(L)) is the universal
completion of C(L).
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Universal completeness of C(L)

Definitions

A frame L is. . .

extremally disconnected if a∗ ∨ a∗∗ = 1 for every a ∈ L.

a P-frame if every cozero a = f ((—, 0) ∨ (0,—)) is complemented.

almost Boolean if it is regular, extremally disconnected and
complemented elements are closed under countable joins in L.

A ring R is regular if for each a ∈ R exists b ∈ R such that a = aba.
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Universal completeness of C(L)
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The classical Maeda-Ogasawara-Vulikh representation theorem

Definitions

Let R be an Archimedean Riesz space.

An ideal of R is a Riesz subspace A such that |g| ≤ |f | with f ∈ A implies
that g ∈ A.

A band of R is an ideal A such that whenever a subset of A has a
supremum in R, then that supremum is in A.

B(R) = {A | A is a band of R}

Ordered by inclusion, B(R) forms a complete Boolean algebra.

A weak unit of R is an element 0 < e ∈ R such that the band generated
by e is R itself.

I. Mozo Carollo The universal completion of C(L)
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The classical Maeda-Ogasawara-Vulikh representation theorem

R
Riesz space

B(R)

Boolean algebra
Ω

Stone space
Cnf (Ω)

Universaly completion

Theorem (Maeda-Ogasawara, 1942; Vulikh, 1947)

Let R be an Archimedean Riesz space with weak unit and Ω the Stone space
of its Boolean algebra of bands B(R). R embeds into the space Cnf (Ω) of
nearly finite continuous real functions on Ω. This embedding constitutes its
universal completion.
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The localic Maeda-Ogasawara-Vulikh representation theorem

R
Riesz space

B(R)

Boolean algebra
C(B(R))

Universal completion

Theorem

Let R be an Archimedean Riesz space with weak unit e. R embeds into
C(B(R)) and this embedding constitutes the universal completion of R.
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Eskerrik asko.

Thank you.
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